Abstract. The spectral collocation method for a second order elliptic boundary value problem on a domain Ω with curved boundaries is studied using the Gordon and Hall transformation which enables us to have a transformed elliptic problem and a square domain
Introduction
Since the spectral methods employ a high order polynomial interpolation for approximating solutions of differential equations, the approximated solutions usually are very accurate [2, 3] . Even though the spectral collocation method using collocation grids based on Gauss-Lobatto points is well suited for rectangle domains, it is not easy to use the spectral collocation method for a complex domain directly. Hence, one of the goals of this paper is to apply the Gordon-Hall transformation method [8, 9] (see also chapter 8 in [4] ) which enables us to apply the spectral collocation method on a nonconvex domain Ω with a curved boundary ∂Ω. In this paper, we are taking the target problem as a second order elliptic boundary value problem defined in Ω such that
where f is a given continuous function, b = (b 1 , b 2 ) and c are given constant vector and scalar, respectively. To solve (1) with the spectral collocation method on a curved domain Ω, by the Gordon and Hall transformation [8, 9] , we transform not only a domain Ω into a square [0, h] × [0, h] but also (1) in Ω into a corresponding secondorder elliptic equation defined in the square domain [0, h] × [0, h] (see section 4). Then, the usual spectral collocation method [2, 19] will be employed for the transformed problem, so that the spectral convergence is shown for the transformed problem corresponding to (1) .
One disadvantage of the transformed spectral collocation methods by the Gordon-Hall transformation is occurred from growing spectral condition numbers which makes the linear system ill-conditioned, so that it is not comfortable to use the well known iterative methods like conjugate gradient method and multigrid methods, for example. In the case that the Gordon and Hall transformation has some singularities, a large spectral condition number of the system can be expected. Therefore, it is necessary to have a linear system with a small condition number. Furthermore, it will be nice for such a transformed linear system arisen from the spectral collocation discretizations to keep a bounded condition number as the number of grid points get grows. Hence the other goal is to precondition such a transformed linear system by a finite element preconditioner [5, 16] which is used to get a condition number bounded uniformly. Note that such preconditioners are studied in a square domain in [1] , [5] and [16] - [18] for example. Finally, the spectral element collocation method [7] is used on a nonconvex domain for a transformed linear system.
The outline of this paper is as follows. In the following section we provide some definitions and notations. In Section 3, we present the Gordon and Hall transformation, briefly. The transformed second order boundary value problems are presented in Section 4. This is followed by spectral collocation and some numerical examples including discretization errors in L 2 and H 1 -norm in Section 5. In Section 6, we precondition the linear system arisen from discretization by the finite element preconditioner. We explain the spectral element scheme for a complex domain with curved boundaries including some numerical examples in Section 7. We finalize the paper by some concluding remarks.
Preliminaries
In this section, we give some preliminaries, definitions and notations which are useful in the sequel. The standard notations and definitions are used for the Sobolev spaces H s (Ω) equipped with inner product (·, ·) s and corresponding norms · s , s ≥ 0. The space H 0 (Ω) coincides with L 2 (Ω), in which the norm and inner product will be denoted by · and (·, ·), respectively. Let P N be the space of all polynomials of degree less than or equal to N and {ξ i } N i=0 be the Legendre Gauss Lobatto (LGL) points on [−1, 1] such that
Here,
are the zeros of
, where L N is the N -th Legendre polynomial and the corresponding quadrature weights {ω i } N i=0 are given by (2)
.
Then, we have the following LGL quadrature formula such that
be the set of Lagrange polynomials of degree N with respect to LGL points {ξ i } N i=0 which satisfy
where δ ij denotes the Kronecker delta function. The two dimensional LGL nodes {x ij } and weights w ij are given by
Let Q N be the space of all polynomials of degree less than or equal N with respect to each single variable x and y. Define the basis for Q N as
For any continuous functions p and q on [−1, 1] 2 , the associated discrete scalar product and norm are defined as
Gordon and Hall transformation
Before applying the spectral element collocation methods to solve elliptic problems defined in rectangular domain with a hole in Section 7, we briefly review the Gordon and Hall transformation on a simply connected domain Ω for convenience.
Let F be a vector-valued function of two independent variablesx andŷ over
We assume that F is a continuous one-to-one transformation which maps S onto a simply connected bounded region Ω in R 2 such that F : ∂S → ∂Ω.
We would like to construct a one-to-one function T : S → Ω which matches F on the boundaries of S, so-called the boundary interpolant of F , such that
By using the similar arguments given in [8, 9] , we can choose the following simple transfinite bilinear Lagrange interpolant of F:
It is to be noted that in practice we do not need the function F in the transfinite interpolation T, the only thing we need is the geometric description of Ω in terms of its boundary which is subdivided into four parametric curve segments. It is necessary that the transfinite interpolation T has to be one-to-one in the interior of Ω. If T is one-to-one, it is invertible [6] . By the Implicit Function Theorem [6] , if the Jacobian of the transformation T is non-zero and T is continuously differentiable in the interior of S, then T has a local inverse at each point of Ω.
Example. Consider the square of length two in which a half of the unit disc is removed in left hand side of this square, as shown in Fig 1 . In this case, the four parametric curves in the Gordon and Hall transformation are:
The explicit form of the transformation (5) reduces to
Second order elliptic boundary value problems on curved domain
Let Ω be a simply connected domain with a curved boundary ∂Ω for the second order elliptic boundary value problem (1). Now, with the help of the Gordon and Hall transformation in section 3 using the transfinite interpolation (x, y) = T(x,ŷ) from Q into Ω, i.e., x = x(x,ŷ), y = y(x,ŷ), we transform the second order elliptic boundary value problem (1) ∂(x,ŷ) denotes the Jacobian matrix of (x, y) with respect to (x,ŷ). In this paper we assume that the Jacobian matrix J := J(x,ŷ) is regular for almost all (x,ŷ) ∈Q, i.e., det(J) = 0.
The high-order partial derivatives can be easily evaluated in the similar way. The following formulation is also given in [10] : 
Now, the second order elliptic boundary value problem (1) can be equivalently transformed to the following equation defined in Q:
where the coefficients of the operator L are given by
with the Jacobian of the transformation T Furthermore the equation (7) can be written by
where the coefficient matrix A is given by
and the coefficient of convection term β = (β 1 , β 2 ) is given by
(1) If D < 0, then a and φ(h, k) have the same sign for all (h, k) = (0, 0). Proof. We show that the matrix A is uniformly elliptic, i.e., there are positive constants 0 < λ ≤ Λ < ∞ such that
and almost all (x,ŷ) ∈Q. Since
it follows that
Similarly, we have
Now, from (16) and (17) we get
which implies
For the upper bound, we have
Since, by Lemma 4.1,
Hence, from (19) and (21) we obtain ellipticity (14) of the matrix A. Again the positive definite property of the symmetric matrix A is obtained from (14) for almost all (x,ŷ) ∈Q. This completes the proof.
In the following, we mention the constants λ and Λ in (14)
for usages later. Now, we are able to apply the spectral collocation method on the transformed equation (11).
Spectral collocation and numerical results
The computations for problem (11) can be implemented by using one-dimensional pseudospectral matrix D N associated with the N + 1 values {û(ξ j )} N j=0 , and N + 1 values {(∂ Nû )(ξ j )} N j=0 of the pseudospectral derivative ofû at Legendre-Gauss-Lobatto (LGL) points (see [2] , [19] ). The entries of D N can be computed by differentiating the Legendre polynomials φ j which φ j (ξ i ) = δ ij . First we reorder the LGL points from down to up and then left to right such that x k(N +1)+l := x kl = (ξ k , ξ l ) for k, l = 0, 1, . . . , N. Two dimensional basis functions ψ k(N +1)+l (x, y) := ψ kl (x, y) = φ k (x)φ l (y) and quadrature weights ω k(N +1)+l := ω kl = ω k ω l are reordered accordingly. Then two dimensional pseudo-spectral matrices S x and S y related to
of the pseudo-spectral partial derivatives ofû, respectively, are given by the tensor product of the identity matrix I N and one-dimensional pseudo-spectral matrix D N such that
In fact, (i, j)-entries of S x and S y are given by ∂ x ψ j (x i ) and ∂ y ψ j (x i ), respectively. Let W = diag{ω i } be the diagonal weight matrix. We denoteŝ the vector containing the nodal values of the continuous function s, that is,
We have the collocation derivative at the nodes through matrix multiplication
and for any p, q ∈ Q N , p, q =q T Wp and
where t 1 and t 2 are x or y. Now, it is easy task to assemble problem (11) . Now, we present some numerical experiments for the second order elliptic boundary value problem (1) on the single domain Ω with a curved boundary as in Fig. 2 . In this numerical example, we show the distribution of LGL points in Ω and the spectral convergence in the sense of L 2 and H 1 norms. First, note that the Gordon-Hall transformation is given by
and the explicit form of the transformation in (5) reduces to
. Figure 3 . Denote by u N the discrete solution to (1), and by e = u − u N , the errors. We present the discretization errors along with some coefficients b and c with the exact solutions: 
Using this transformation, the transformed collocation nodes of this domain is shown in

Preconditioning
The matrices arisen from the pseudo-spectral or spectral method have large condition numbers dependent on both mesh sizes and degrees of polynomials which make the linear system to be ill conditioned. The cure for getting rid of ill conditioning is to resort preconditioning techniques. Following an early suggestion of [14, 15] , several authors ( [5, 16, 17, 18] ) have investigated both finite difference and finite element preconditioning. Here, we use the finite element preconditioning for the operator (11) . We consider a uniformly elliptic operator (11) , given by
with boundary conditionû = 0 on ∂Ω.
Note that the elements of the matrix A and the vector β are described in (8) and (13) respectively. The domain of L is defined by
Now, we employ the following operator as a preconditioner
with boundary conditionû = 0 on ∂Ω. Here, we consider that the coefficient of reaction term c ′ is an non-negative constant and the coefficient of convection term
with boundary conditionv = 0 on ∂Ω. Hence, we have
The adjoint operator M * of M is defined by
with boundary conditionv = 0 on ∂Ω. Hence, we have 
which means the L 2 condition number of M −1 L is uniformly bounded. By (28) and (30), we have
which shows that in our case the L 2 condition number of M −1 L is uniformly bounded.
The bilinear form of L is defined by
wherev is a smooth function defined onΩ. The weak form of the boundary value problem (24) is w L w . According to the above statements, it is possible to choose a preconditioning operator M in (26) for a target operator L in (24). In particular, in the construction of the finite element preconditioner matrixP corresponding to M for the pseudospectral discretization matrix A N 2 corresponding to L, we let
where γ is a constant and
Such a choice was explained in [16] - [18] for Legendre case and in [11] for Chebyshev case and the constant γ can be decided to reduce the condition number of the preconditioned system following the idea in [12] . We confirmed these results with our numerical experiments. In Tables 2 we give Remark. For the domain given in Figure 1 , the transformation has two singular points at the corners (0, 0) and (0, 2) and we computed the constants λ = 0.202642 and Λ = 5.33419 × 10 32 . Table 3 shows that the non-precontioned matrix W A N 2 has bigger condition numbers than those for the domain given in Figure 2 but the condition number of the preconditioned matrixP −1 W A N 2 seems to be bounded. This means such singularities do not seem to affect the condition numbers. Table 2 . Spectral condition number for the domain in Figure 2 . Table 3 . Spectral condition number for the domain in Figure 1 . 
Spectral element collocation scheme
In this section, we extend the discussions on a single computational domain in previous sections to multiple computational domains. That is, we will divide the computational domain into some elements which include quadrilaterals with curved boundaries. To apply the pseudo-spectral collocation method to such a quadrilateral with curved boundary, we will use the ideas given by Gordon and Hall [8, 9] . The first step in the spectral element collocation method is to divide the domain Ω into m non-overlapping elements
Although each subdomain may be discretized independently of the others, without loss of generality we will consider that all subdomains have the same discretizations. Suppose that u i is the restriction of u in the subdomain Ω i . Then we have the following problem for each subdomain, Ω i , 1 ≤ i ≤ m,
Moreover, we need the continuity of solutions and normal derivatives across the interfaces. To do this, let Ω l and Ω k , k = l be two neighboring subdomain sharing with a common side Γ, and n = − → n (l) = − − → n (k) on Γ, where − → n (i) is the unit outward normal vector to the boundary of Ω i . The continuity of solution is
and continuity of normal derivative is
We will transform every subdomainΩ i , 
Here, we consider elliptic problem (1) on the domain Ω, where Ω is a 4 × 8 rectangular with a unit circle removed inside, so called obstacle domain. First, we decompose this domain into sixteen subdomain in which some of these subdomain has curve boundary. The subdivision of domain Ω in the spectral element method should be in such a way that all elements do not have singularities. We plot the collocation nodes of this domain in Figure  4 . We present L 2 and H 1 -errors for the exact solution (23) in Table 4 for b = (0, 0), c = 0 and b = (3, 6) , c = 1 which shows the exponential decay of errors with respect to N, independent of the coefficient b and c. Again the finite element preconditioner matrixP is constructed under the condition (33). In Table 5 we present the condition numbers of W A N 2 andP −1 W A N 2 for b = (0, 0), c = 0 and b = (3, 6), c = 1 in the obstacle domain. Table 5 shows that the spectral condition numbers of W A N 2 behave like O(N 3 ) for all cases, while the spectral condition number ofP −1 W A N 2 are bounded regardless of the degree N of polynomials.
Concluding remarks
The second order elliptic boundary value problems on a domain with a curved boundary are solved by using the Gordon and Hall transformation. Further, such elliptic problems on a domain with a hole are also approximated by the pseudo-spectral element method. The spectral convergence of solutions and the efficiency of finite element preconditioner are provided numerically. It was noted with numerical evidences that the Gordon and Hall transformation works quite well for a domain with corner singularities when an elliptic problem is solved by the pseudo-spectral method. 
